In this paper, we will use δN -formalism to calculate the primordial curvature perturbation for the curvaton model with a Lagrange multiplier field. We calculate the non-linearity parameters fNL and gNL in the sudden-decay approximation in this kind of model, and we find that one could get a large non-Gaussinity even if the curvaton dominates the total energy density before it decays, and this property will make the curvaton model much richer. We also calculate the probability density function of the primordial curvature perturbation in the sudden-decay approximation, as well as some moments of it.
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I. INTRODUCTION
Inflation has been remarkably successful in explaining the properties of the universe and the origin of the primordial perturbation [1] , which is thought of as the seed of the large scale structures. So far, there still a lot of discussions and works on inflation, such as [2] . A single-field inflation predicts a nearly Gaussian distribution of the primordial power spectrum [3] . On the other hand, multi-field models of inflation can lead to a large deviation from the Gaussian distribution, which may be observed in the future observations [4] . In fact, the multi-field models generate the nonGaussianity due to the non-trivial classical dynamics on superhorizon scales. Since the gravitational dynamics could introduce significant non-linearities that would contribute to the final non-Gaussianity in the large scale of CMB anisotropies, the CMB non-Gaussianity opens a window to probe the physics of the early universe.
There are many mechanisms to generate a large local-type non-Gaussinities, and one of them is the curvaton scenario [5] . In this kind of model, there would be another, weakly coupled, light inhomogeneous scalar field called curvaton, whose energy density could be neglected during inflation, while the early Universe is dominated by inflaton. After the end of inflation, the energy of inflaton converted into radiations and the Hubble parameters decreases. During the evolution of the curvaton, its energy density goes like ∝ a −3 , which increases with respect to that of radiations ∝ a −4 . Therefore, the curvaton can dominate the energy density of the Universe later. When the Hubble parameter becomes the same order of the curvation decay rate, the energy of the curvaton would be converted into radiations. Finally, the curvation is supposed to completely decay into thermalized radiations before primordial nucleosynthesis, in the meanwhile, the perturbations of the curvaton become the final adiabatic curvature perturbations that seed the matter and radiation density fluctuations observed in the Universe. This kind of non-Gaussianity can be described by some non-linearity parameters f N L , g N L , etc. defined below. For recent progress on the curvaton model, see Ref. [6] [7] [8] .
At first, we expand the curvature perturbation as
where the probability density function (pdf) of the first order term ζ 1 is Gaussian, while the higher order terms give rise to a non-Gasussian pdf of the full ζ. As usual, the non-linearity parameters f N L and g N L are defined by
or, equivlently
where the numerical factors arise in order to be consistent with the Bardeen potential on large scales. The upper bound from the WMAP 3yr data [9] is |f N L | < 114 , the bound from WMAP 5yr data [10] is −9 < f N L < 111 at 2σ level and the constraint from WMAP 7yr data [11] is f N L = 32 ± 21 at 1σ level. The correlation functions of Fourier transformation of ζ are used to define the primordial power spectrum, bispectrum and trispectrum as
Thus, we have
In this paper, these non-linearity parameters will be calculated in the curvaton scenario with a Lagrange multiplier field, which is described by the following action [12] 
where the field λ is a "Lagrange multiplier" without a kinetic term and the scalar field ϕ could be a curvaton. Here,
is a standard kinetic term for the field ϕ, K(ϕ, X) is arbitrary function of ϕ and X, and V (ϕ) is an arbitrary function of the scalar field ϕ. The equations of motion for λ and ϕ are given by
Here and after we denote the partial derivatives by subscripts. And the energy-momentum tensor is
In the spatially flat FRW universe with the metric ds 2 = dt 2 − a 2 (t)dx 2 , we consider the homogeneous Lagrange multiplier field so that Eqs. (11) and (12) reduce toφ
And also, the energy density and pressure are given by
In this paper, we will consider two interesting cases that studied in [12] . The first case is K ϕ = 0 and V = const., in which case, the energy-momentum corresponds to a mixture of a cosmological constant and pressureless dust, so we call this model the L − λϕ model. From Eqs. (14) and (15), we geṫ
with solution
where ρ 0 is an integration constant. Thus, the energy density and pressure are given by
The other case is K = 0 with arbitrary V , and in this model the energy density evolves exactly the same as dust or matter, so we call this model D − λϕ model. The equations of motion for this model arė
and by using the relationφ = 2V (ϕ), we get the solution
Therefore the energy density and pressure are given by
which is exactly the behavior of the pressureless dust or the cold dark matter. It should be noticed that the expression of the energy density is independent of the explicit form of the scalar potential. It should be noticed that in a single-field inflation, the prediction of the non-linearity parameter is related to the tilt of the power spectrum [3] , so if a large local-type non-Gaussianity is confirmed by the future cosmological observations and high level data analysis, it strongly implies that the physics of the early Universe is more complicated than the simple single-field slow-roll inflation. In this paper, we will use δN -formalism [13] to calculate the primordial curvature perturbation for the curvaton model with a Lagrange multiplier field. And we find that, in this kind of model, one could get a large non-Gaussinity even if the curvaton dominates the total energy density before it decays. Our paper is organized as follows. In Sec. II, we calculate the non-linearity parameters for the curvaton itself and in Sec. III, we derive in the sudden-decay approximation a non-linear equation that relates the primordial curvature perturbation ζ to the curvaton curvature perturbation ζ ϕ . Solving this equation order by order, we obtain the non-linearity parameters f N L and g N L in the sudden-decay approximation and we also compare the results with the usual curvaton model [5] . In Sec. IV, we calculate the pdf and some moments of ζ in the sudden-decay approximation. In the final section, we will give some conclusions and discussions.
II. NON-LINEAR PERTURBATION WITH THE LAGRANGE MULTIPLIER FIELD
The primordial density perturbation can be described in terms of the non-linear curvature perturbation on uniform density hypersurface [14] ζ(t, x) = δN (t, x) + 1 3
where N = Hdt is the amount of local expansion, and ρ i , p i are the local energy and pressure respectively. Here,ρ is the homogeneous energy density in the background model, whileρ andp is the local density and local pressure.
In this model, we will assume that the constant pressure p is much smaller than the energy density, so the scalar field behaves much like the pressureless dust, thus we have the non-linear curvature perturbation on uniform-curvaton density surfaces is given by [14] 
Hence, the density of the scalar field ϕ on spatially-flat hypersurfaces is given by
Generally, we can expand any field
whereφ is the homogeneous background filed. On the other sider, the quantum fluctuations in a weakly coupled field could be well described by a Gaussian random field [15] . So for such fields, one can only keep the first order perturbation δ 1 ϕ and the higher order perturbations δ n ϕ for n > 1 that describe non-Gassian perturbations of any field could be neglected. However, here we also want to estimate the effect of the non-linear quantum fluctuations in the curvaton field and Lagrange multiplier field at Hubble exit during inflation, we will keep to the third order of the fluctuations as
where * denotes that the quantities are evaluated at the Hubble exit during inflation. Therefore, we get the density fluctuation of the curvaton as
. Therefore, order by order, from Eq. (26) we have
and we also have e 3ζϕ = ρ ϕ * /ρ ϕ * , then
where we have defined
to estimate the effect of the non-linear quantum fluctuations of the Lagrange multiplier field, and if a 1 ∼ 0 and b 1 ∼ 0, this field is almost Gaussian. Using Eqs. (32)- (34), one can express the non-linearity parameters for the curvaton perturbation analogous to Eq. (3) as
Here we find f ϕ N L = −5/2 and g ϕ N L = 25/3 for a Gaussian λ field, while curvaton field itself could be Gaussian or non-Gaussian, and we also have the relation 10f
It is worth to note that in this model, the fluctuation of the curvaton field do not contribute to the non-linearity parameters since V is a constant.
B. The D − λϕ model
In this model, the density fluctuation is given by ρ ϕ * =ρ ϕ * 1 +λ
and
where the prime denotes the derivative with respect to ϕ. From Eq. (37), one can see that both the fluctuation of λ and ϕ fields contribute to the fluctuation of the density, so in the following, we will consider two limit case: δV * = 0 and δλ * = 0 to close and open one of them and clearly illustrate the contribution of each field to the non-linearity parameters. In the case of δV * = 0 , we get the the curvature perturbation as
where
Here, one can see that these equations are the same as Eqs. (32)- (34) except for the definition of a i and b i . While in the case of δλ * = 0, we get
Then, using Eqs. (43)- (45), one can express the non-linearity parameters for the curvaton perturbation analogous to Eq. (3) as
Now, let's forget about the a 3 and b 3 for a while, and take the function V as the power of ϕ, namely, V ∼ ϕ n , then the non-linearity parameters becomes
which could be larger when n is small. And here, if we take V ∼ e mϕ , these parameters would be vanished. With Eq. (48), one can find the following relation
It should be noticed that, the result Eq. (48) is evidently distinguishing with that in Ref. [16] , in which the author considered a simple power-law potential of the curvaton, i.e. V ∼ ϕ n , but the equation of state of the curvaton scaclar depends on the value of n as w = p/ρ = (n − 2)/(n + 2) in their situation. However, in our model, the pressure is always vanished. In a special case n = 2, both our result and that in Ref. [16] are coincident with the result for the quadratic potential of the curvaton [5] . Of course, one can take the other forms of the function V , like V ∼ cosh(mϕ) to generate large non-Gassuaianity even when the curvaton density dominates the universe, as long as mϕ * ≪ 1:
and one can also find the relation
III. SUDDEN-DECAY APPROXIMATION AND THE PRIMORDIAL CURVATURE PERTURBATION
We assume that the curvaton decays on a uniform-total energy density hypersurface and thus from Eq. (24) the perturbed expansion on this hypersurface is δN = ζ, where ζ is the total curvature perturbations at curvaton decay surface. And on this surface, we have
Here, we assume that all the curvaton decay products are relativistic, then ζ is conserved after the curvaton decay.
The local curvaton and radiation density on this decay surface may be inhomogeneous and they have a conserved curvature perturbations when they do not have interactions with each other [14] :
Thus, the curvature perturbation related to radiations (p r = ρ r /3) is
Therefore, from Eq. (53) we have the following relation
where Ω ϕ,d =ρ ϕ /(ρ r +ρ ϕ ) is the dimensionless density parameter for the curvaton at the decay time t d . Here, we take the sudden decay approximation for the curvaton, namely, the curvaton particles instantaneous decay into radiations. And for simplicity, we will ignore the small curvature perturbation in the radiation fluid before the curvaton decays, i.e. ζ r = 0. Then, order by order from Eq. (57), we have
is called the curvature perturbation transfer efficiency, see Ref. [5] . Therefore, the non-linearity parameters f N L and g N L are given by Eq. (3) as
In the limit of f d → 1, namely, the curvaton dominates the total energy density before it decays, we recover
While, in the limit of f d → 0, one can get large non-Gaussianity as ordinary curvaton models, but this is not the only way to get large non-Gassianity in the D − λϕ model, because one can get large non-linearity parameters of the curvaton itself f ϕ N L as we mentioned before.
A. The L − λϕ model By using Eqs. (36), (62) and (63), we get 
Thus, we have −5/2 ≤ f N L < −5/3 and 125/54 < g N L ≤ 25/3 for a Gaussian λ field. And also we have the relation 25f N L + 18g N L = 0 in the limit of f d → 0 in this situation. To illustrate the above analytic study clearly, we plot the non-linearity parameters f N L and g N L as the function of f d (the transfer efficiency) in Fig. 1 and Fig. 2 , and we also plot the results in a usual curvaton model [5] without nonlinear evolution of the curvaton field between the Hubble exit and the moment of its decay with a black dashed curve in these figures. 
B. The D − λϕ model
In the case of δV * = 0, the result is the same as that in the L − λϕ model except for the definition of a i and b i , so we will focus on the case of δλ * = 0 in this model. By using Eqs. (47), (62) and (63), we get
Now, lets forget about the a 3 and b 3 for a while, and take the function V ∼ ϕ n , then we have
which could be larger when n is small. Of course, one can also get large non-Gaussianity with f d ≪ 1 when n = 1. If n = 1, then f N L and g N L have the same value as that in the L − λϕ model, see Eq. (66). If n = 2 and in the limit of
in the limit of f d → 0. And, this time
which is much larger. The non-linearity parameters f N L and g N L as the function of f d are plotted in Fig. 3 with V ∼ ϕ n , and the results in a usual curvaton model with linear evolution of the curvaton field between the Hubble exit and the moment of its decay are plotted with black dashed curves in these figures. From Fig. 3 , one can see that the shape of the curves are very similar except for a small value of n with red solid curves, which means one can get large non-Gaussianity (|f N L | ≫ 1) even if the curvaton dominates the total energy density before it decays (f d → 1) by setting a small n, e.g. n = 0.1.
If we take the function V ∼ cosh(mϕ), then we get . The red solid curve corresponds to n = 0.1, 0.4 from top to bottom, while the blue dot-dashed curve corresponds to n = 1.5 and the orange dotted curve corresponds to n = 5. If n = 2, then the curves in the D − λϕ model will coincide with that in the usual curvaton model. Here we have set a3 = b3 = 0 for simplicity.
As we mentioned before, when mϕ * ≪ 1,f N L andg N L could be larger even when f d = 1. Taking the limit of
and the relationg
The The red solid curve corresponds to mϕ * = 0.1, while the blue dot-dashed curve corresponds to mϕ * = 0.5 and the orange dotted curve corresponds to mϕ * = 2.0. Here we have set a3 = b3 = 0 for simplicity.
IV. PROBABILITY DENSITY FUNCTION
In this section, we will follow the method in [15] to calculate the probability density function (pdf) of curvature perturbation. At first, we shall briefly review this method. Let's assume there are two random variables y and z, and the functional dependence of z on y is z = z(y), which is a bijection. If the pdf of y isf (y), then the probability of z being in the interval (z 1 , z 2 ) is given by
where the absolute value is need when y(z) is a decreasing function. Hence, the pdf of z is
where the derivative could be replaced by the Jacobian determinant in the multi-variable case.
Since the first order perturbation ζ 1 only depends linearly on the initial Gaussian field perturbation, one can take ζ 1 as a Gaussian "reference" variable with mean µ ζ1 = 0. In the sudden decay approximation, we have found an analytic functional dependence ζ = ζ(ζ 1 ), but the mapping is not always a bijection. Calling these values ζ 1i , one can calculate the pdf of the non-linear primordial curvature perturbation
where f (ζ 1 ) is the Gaussian pdf with mean µ = 0 and variance
:
For simplicity, in the rest of this section, we will neglect all the non-linear fluctuation of the initial field, namely, we will set a i = b i = 0 in all models. Actually, the non-Gaussianity could be described quantitatively by calculating the moments of the pdf and
is called the i th moment. Here, the mean µ can be calculated as
where the pdf f (z) satisfies f (z)dz = 1. Conventionally, the second moment is the variance (σ 2 z ), the third moment is called skewness, and the fourth moment kurtosis. For a Gaussian pdf, any odd moment (with i ≥ 3) is zero, since the probability density is symmetric around the mean, while the even moments could be easily calculated by partial integrating, e.g. m(4) = 3σ
4 , m(6) = 15σ 6 , m(8) = 105σ 8 , m(10) = 945σ 10 , m(12) = 10395σ 12 , etc., see Ref. [15] . Any departure from these values indicates the pdf is non-Gaussian, namely, there is an asymmetric deviation from Gaussianity, if odd moments are not zero, and if the pdf is more (or less) sharply peaked than the Gaussian if even moments are smaller (or larger) than that in the Gaussian case. Therefore, the set of moments encodes the same information of non-Gaussianity as the fully non-linear ζ or its expansion. Next, we will calculate the pdf and illustrate some moments of the pdf in our models.
A. The L − λϕ model From Eqs. (26), (30), (32) and (58), we have
While, from Eq. (57) with ζ r = 0, we have
Thus, combing Eqs. (83) and (84), we get
Hence, the non-Gaussian probability density function for ζ is In Fig. 5 , we compare the fully non-linear pdf f (ζ) to the Gaussian f g (ζ 1 ), and it shows that f is virtually indistinguishable from the Gaussian f g . But, we also plot f /f g which reveals the non-Gaussianity in this model. In Fig. 6 , we plot the moments from the third up to the sixth one as a function of f d .
B. The D − λϕ model
In this model, we will focus on the case of δλ * = 0. From Eq. (26), (37) and (43), we have
and by combing Eq. (84), we can get the equation for ζ 1 for a given function V . Next, we will consider two types of V and get the non-Gaussian probability density function for ζ by solving the equation as in the L − λϕ model.
In this case we get the following equation for ζ ϕ1 :
Here we have used Eqs. (84), (88) and (58). If n = 1, the results would be the same as that in the L − λϕ model, while if n = 2, we recover the results of the usual curvaton model. For a generic n (n = 1, 2), the above equation could be rewritten as
Define
then, the number of real roots of the Eq. (91) depends on the sign of D. It should be noticed that if n > 3 or n < 1, p is positive and then D is also positive. So, in this case, we have only one real root of the Eq. (91):
Hence, the non-Gaussian probability density function for ζ is
If 1 < n < 3 and n = 2, there could be some regions ζ ∈ (ζ a , ζ b ), in which D < 0 and D| ζ=ζa = D| ζ=ζ b = 0. So, for completeness, we will give the pdf for ζ in these regions in the following. If D = 0, we have three real roots of the Eq. (91) and two of them are equal:
and then, we have
And, if D < 0, we have three different real roots of the Eq. (91):
Thus
In Fig. 7 , we compare the fully non-linear pdf f (ζ) to the Gaussian f g (ζ 1 ) in the case when there is large nonGaussianity. In one of them, the non-linearity parameter is very large (f d = 0.8, n = −0.001, f N L = 3126), and this kind of visual comparison reveals the non-Gaussianity, but in another one with (f d = 0.8, n = −0.0276, f N L = 114), it shows that f is virtually indistinguishable from the Gaussian f g . But, we also plot f /f g which reveals the nonGaussianity in this model. In Tab. I, we give some values of the moments from the third up to the sixth one at f d = 0.2, 0.5, 0.8 for n = −0.001 and n = −0.0267.
V ∼ cosh(mϕ)
In this case, we get the following equation for ζ ϕ1 from Eq. (84) and (88): which could be rewritten as
Thus, the solutions to Eq. (109) are the same as that to Eq. (91) except for the definitions of the coefficients p and q. DefineD
whose sign determines the number of roots of the Eq. (109). It should be noticed that if tan 2 (mϕ * ) > 1/2,p is positive and thenD is also positive. So, in this case, we have only one real root of the Eq. (109):
If tan 2 (mϕ * ) < 1/2, there could be some regions of ζ ∈ (ζ a , ζ b ), in whichD < 0 andD| ζ=ζa =D| ζ=ζ b = 0. So, for completeness, we will give the pdf for ζ in these regions in the following. IfD = 0, we have three real roots of the Eq. (109) and two of them are equal:
and then, we have In Fig. 8 , we compare the fully non-linear pdf f (ζ) to the Gaussian f g (ζ 1 ) in the case when there is large nonGaussianity. In one of them, the non-linearity parameter is very large (f d = 0.8, mϕ * = 0.03, f N L = 3472), and this kind of visual comparison reveals the non-Gaussianity, but in another one with (f d = 0.8, mϕ * = 0.165, f N L = 114), it shows that f is virtually indistinguishable from the Gaussian f g . But, we also plot f /f g which reveals the nonGaussianity in this model. In Tab. II, we give some values of the moments from the third up to the sixth one at f d = 0.2, 0.5, 0.8 for mϕ * = 0.03 and mϕ * = 0.165 .
V. CONCLUSION
We have used δN -formalism to calculate the primordial curvature perturbation for the curvaton model with a Lagrange multiplier field in two interesting cases. We have calculate the non-linearity parameters f N L and g N L in the probability density function of the primordial curvature perturbation in the sudden-decay approximation, as well as some moments of it. We find that one can get a large non-Gaussianity in this kind of model even if the curvaton dominates the total energy density before it decays, namely f d → 1, while in the usual curvaton model with quadratic potential, one can only get a large non-Gaussianity when the curvaton is subdominant, namely in the limit of f d → 0, see [5] . It should be noticed that the isocurvature perturbations are created when the curvaton fail to dominate the energy density while decaying. So, it will not produce large f N L comparing to that of WMAP by taking account of the constraint of isocurvature perturbations [17] . So, it seems that we have escaped the constraint from isocurvature perturbations and give a large f N L comparable to the result of WMAP. So, the introduction of Lagrange multiplier field will make the the curvaton model much richer, e.g. it also release the form of the potential. Furthermore, it hase been shown that with the help of a Lagrange multiplier field, one can proposed a way to unify dark matter and dark energy in a single degree of freedom, see [12] . And the Lagrange multiplier modified gravity may lead to cyclic behavior very easily in the cyclic cosmology, and the scenario is much more realistic in the case of scalar cosmology [18] . So, we conclude that the Lagrange multiplier field could play a very interesting and important role in the construction of cosmological models, and it also interesting to study the primordial nonlinear structures and black holes [19] in such kind of curvaton scenario.
